Quantitative conditional quantum erasure in two-atom resonance fluorescence 
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We present a conditional quantum eraser which erases the a priori knowledge or the predictability 
of the path a photon takes in a Young-type double-slit experiment with two fluorescent four-level 
atoms. This erasure violates a recently derived erasure relation which must be satisfied for a con- 
ventional, unconditional quantum eraser that aims to find an optimal sorting of the system into 
subensembles with particularly large fringe visibilities. The conditional quantum eraser employs an 
interaction-free, partial which-way measurement which not only sorts the system into optimal sub- 
systems with large visibility but also selects the appropriate subsystem with the maximum possible 
visibility. We explain how the erasure relation can be violated under these circumstances. 

PACS numbers: 03.65.Ta, 03.65.Ud, 03.67.-a 
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I. INTRODUCTION 

The quantum eraser has been approved as a remark- 
able tool for studying fundamental topics in quantum me- 
chanics. Among them we mention complementarity 
the understanding of measurements in quantum mechan- 
ics, and, most importantly, the entanglement between 
subsystems which enables the very concept of quantum 
erasure [E}L [|, ||, ||] . There have been several experimental 
realizations of the quantum eraser demonstrating com- 
plementarity as one of the most basic principles of quan- 
tum mechanics M K [| O, Further, quantita- 
tive measures of complementarity have been derived on 
the basis of an inequality for (partial) predictability V 
of the path the particle takes and (partial) visibility V 
of the interference fringes in a two-way interferometer 
fl3| , 14 , |l5|| and experimentally verified jl6|. Somewhat 
later, Englert [[t7| as well as Jaeger, Shimony, and Vaid- 
man |is| derived an inequality which quantifies comple- 
mentarity in a two-way interferometer supplemented by 
a which-way detector. They introduce the new quantity 
distinguishability T> which quantifies the maximum possi- 
ble information, obtainable by the which-way detectors, 
that Nature can grant us about the path the particle 
actually takes. The inequality has also been verified in 
several subsequent experiments [|l9[ |o) . It has been rec- 
ognized that the which-path knowledge K. which is the 
practically available which-way information granted by 
the which-way detectors may be considerably less than 
the distinguishability T> in realistic which-path measure- 
ments ||, ||. 

The inequalities have been extended in order to in- 
corporate quantum erasure by introducing the quantum 
eraser visibility, V^ E ' p3), or the equivalent conditioned 
visibility, V c . The results can be summarized by the 
erasure relation |E3| 



C 2 < 1, 



(1.1) 



possible quantum eraser visibility, V^ E - ) < C, Nature can 
grant us about the visibility of the interference fringes. 
Taking into account that the smallest value of the ac- 
tual which-path information, /C, is given by the a pri- 
ori knowledge, V, the following inequality inequality has 
been derived [|23|], 



/C 2 + (V (QE) ) 2 < ^ 



(1.2) 



which states that the quantum eraser visibility V (QE) can 

1/2 

not exceed the maximum value (l — V 2 ) , since V < /C. 
Thus, a conventional quantum eraser can not erase the 
a priori predictability V which fundamentally limits the 
performance of quantum erasure. 

In this paper we demonstrate erasure of the a priori 
predictability with a conditional quantum eraser. The re- 
trieved visibility explicitly exceeds the maximum possible 
value derived for conventional quantum erasers [see Eq. 



(1.1)]. The conditional quantum eraser not only does sort 



where C is the coherence which denotes the maximum 



subensembles as conventional quantum erasers do but, 
beyond it, also selects a proper subensemble. This can 
be achieved by employing interaction-free partial mea- 
surements, as has been suggested in the paper by Elitzur 
and Dolcv [Q who consider nonlocal effects of partial 
measurements and quantum erasure. We extend their 
results to erasure of a priori knowledge and derive the 
underlying physical concept which enables predictability 
to be erased and which turns out to be concurrence or 
two-particle visibility. The concept of concurrence and 
especially two-particle visibility yields an interesting re- 
lation between entanglement and complementarity. Fur- 
ther, the quality of the recovered interference fringes will 
strongly depend on the amount of concurrence in the 
initial system. The partial interaction-free measurement 
composes a non-unitary transformation which, evidently, 
has a certain probability of failure. However, we can al- 
ways and unambiguously tell whether the transformation 
(erasure) has succeeded. 

We implement the conditional quantum eraser in an 
interference experiment with light scattered from two 
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FIG. 1: Internal structure of the four-level atom with rele- 
vant polarization-sensitive transitions. Transitions between 
the states |1) <-> |3) and |2) <-» j4) which preserve the in- 
ternal magnetic quantum number rrij are connected with tt- 
or z-polarized light, while transitions between |1) <-> |4) and 
2) <-> 1 3} change the magnetic quantum number and lead to 
a- or x- and y-polarized scattering events. 



trapped four-level atoms. The internal structure of the 
four-level atom together with polarization-sensitive tran- 
sitions is displayed in Fig. [j] (see also Ref. ^5|). Recently, 
this remarkable Young-type double-slit experiment suc- 
ceeded in the observation of polarization-dependent in- 
terference effects [^6| and stimulated ongoing research 
p7{ . We model the partial interaction- free measurement 
with the help of inefficient detectors which can be simu- 
lated by perfect detectors together with beamsplitters. A 
detector click indicates a failure of the conditional quan- 
tum eraser while the absence of a click means that the 
quantum erasure (of predictability) has succeeded. The 
success rate will be limited by the degree of predictabil- 
ity. The quantum eraser visibility will further depend on 
the amount of concurrence in the initial system which 
limits the quality of the retrieved interference fringes. 

The structure of the paper is as follows. In Section |J 
we present the interferometric system and consider the 
general idea of conditional quantum erasing. We also dis- 
cuss differences between the conditional quantum eraser 
and conventional quantum erasers. Inequalities are de- 
rived and compared for the conditional and conventional 
quantum eraser. We restrict our considerations to pure 
states of the entangled system in this section. In Sec- 
tion 



III we apply the general idea of conditional quan- 



tum erasing to the four-level atom interferometer and 
discuss various realizations of conditional quantum era- 
sure in this system. We derive the success probability of 
erasure and discuss its relation to the concurrence in the 
initial (unsorted) system. We extend our results to cases 
when the initial system is not in a pure (entangled) state 
in Section |y| and show the limitation on the performance 
of conditional quantum erasure due to the mixture. In 
particular, it will turn out that we can not reach the 
maximum visibility anymore. Finally, in Section [v|, we 
present some concluding remarks and discussions. 



II. CONDITIONAL QUANTUM ERASURE: 
GENERAL CONSIDERATION 



We first discuss and summarize the general idea of the 
conditional quantum eraser on the basis of a simple model 
in an attempt to prepare the reader for the arguments 
which follow. Suppose we are given two spatially sepa- 
rated two-photon sources, A and B ( see Fig. [|), that gen- 
erate the following polarization-entangled photon state 



A,B 



(2.1) 



where 7r and a denotes different polarization and the in- 
dexes A and B denote the origin of the photons. We 
stress already here that the entanglement between the 
photons is an essential ingredient for the nonclassical fea- 
tures of the conditional quantum eraser. The coupled 
system (2.1) contains cr-polarizcd photons, forming the 
"interfering system" , which are detected at an interfer- 
ence screen, and the 7r-polarized photons which establish 
the "environmental degrees of freedom" and whose de- 
tection may serve as, e.g. a which-path measurement. In 
the "environment" only those degrees of freedom are in- 
cluded which can be controlled by the experimentalist by, 
e.g., which-path measurements or quantum eraser sort- 
ing. 

a Screen 




7T Det. 



FIG. 2: Interferometric set-up of the conditional quantum 
eraser. An optical filter, with a transmittance t, in the upper 
right arm of the interferometer generates (partial) predictabil- 
ity about the path the interfering cr-photon takes. The mea- 
surement device in the lower left arm, consisting of a beam- 
splitter with transmittance £bs and a photon detector, per- 
forms a partial, interaction-free which-path measurement on 
the erasing 7r-photon. If the detector clicks, the conditional 
quantum eraser failed. If the detector does not respond, the 
conditional quantum eraser succeeded. In this case the corre- 
lated measurement of the erasing photon at an equidistantly 
positioned detector in between the two atoms and the interfer- 
ing photon will result in a complete erasing of the predictabil- 
ity under certain circumstances. 

Let us first discuss the cr-polarized part of the system 
on the basis of the interference experiment displayed in 
Fig. 0. Suppose, we only consider the right part of the 
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interference configuration in Fig. [2] which establishes a 
standard Young-type interference experiment with two 
atoms acting as the double-slit. First, we assume just one 
CT-polarized photon emitted by the two atoms and not the 
entangled photon system of Eq. (2.1). In addition, one 
of the two paths (the upper one in Fig. ||) is partially 
blocked by an optical filter. The intensity of the light 
or, to be more precise, the probability amplitude of the 
photon will be reduced, compared to the other optical 
path (the lower one in Fig. ||), as 



1 



y/T+t 



(yi\a) 



<r)B 



(2.2) 



Here t is the transmittance of the optical filter. The re- 
duction obviously depends on the transmittance t. Con- 
sequently, partial, a priori knowledge about the path the 
photon actually takes is granted and this is expressed by 
the predictability V || H H H 013 H 



V = 



1 -t 



l+t 



1 - t 
l + t 



(2.3) 



We expect the visibility V to be reduced as a consequence 
of this a priori knowledge in agreement with the general 
duality relation 



V 1 



v J < 1, 



(2.4) 



leading to the following maximum possible visibility in 
this interferometer 



1 - 1 

Y+t 



l + t 



Vt. (2.5) 



Let us now consider the complete interferometer in- 
cluding the environmental, 7r-polarized photon but ne- 
glecting the partial measurement device in the lowe r lef t 
path. The entanglement between the photons in Eq. (2.1) 
enables us to perform which-path measurement or quan- 
tum sorting on the environment, i.e. on the 7r-photon 
and this, in turn, alters the interference properties of the 
interference photon. In particular, as a consequence of 
the entanglement, we will not observe any interference 
fringes of the cr-photons if we do not detect the 7r-photon 



{E*E Bil ,+A~B) 



{■kaUb){o-a\E\ <j E b ,, 



-A <-► B, 



= 0. 



(2.6) 



The entanglement between the subsystems enables us 
to get possible which-path information expressed by the 
quantity distinguishability, T>, which limits interference 
visibility according to the duality relation |17L |l8|| 



v- 



v z < 1. 



(2.7) 



The distinguishability is the maximum possible which- 
path information Nature can grant us and it is, in this 



interferometer, given by T> = 1. This explains why we 
do not observe interference when we neglect the environ- 
ment, i.e. do not detect or measure the 7r-photon. The 
actual knowledge, /C, which is the amount of which-path 
information that we can learn from the measurement of 
the environment, is usually smaller than the distinguisha- 
bility, T> p3| . In particular, when we do not measure the 
7r-photon, the actual which-way information K, is just 
give n by the a priori knowledge or predictability V , Eq. 
( |2.3| ), since we do not gain further information if we dis- 
count the environment. In general, the actual which-path 
information is limited by the following inequality p3[ 



V < K. < V. 



(2. 



One of the reasons, why we start with the entangled 
state, (pTl]) , is that quantum eraser sorting in the usual 
sense is immediately possible. This can be done, if we de- 
tect the environmental 7r-photon with a detector equidis- 
tantly placed from the two atoms as indicated in Fig. |^. 
A correlated detection of the a- and 7r-photons erases the 
distinguishability and we retrieve interference. However, 
the recovered quantum eraser visibility, y(Q E ), of the in- 
terference fringes is limited if the a priori knowledge V is 
not equal to zero. The recovered quantum eraser visibil- 
ity for the interferometer in Fig. ^ is given by 

V(QE) = TTI A (2J) 

where t is, again, the transmittance of the optical filter 
and where we took into account the following entangled 
state of the system under consideration 



1*: 



1 



A.B 



Vt\TT) A ® W)A + k) B O |cr)j 



VT+t 

(2-10) 

In particular, the quantum eraser visibility is limited 
by the coherence which is, in the case of the pure en- 
tangled state under cons ideration, just the concurrence 
C = jhVi [see Eq. (^Io|) l @, and 



V < y(QE) < c. 



(2.11) 



Here V denotes the "a priori visibility" of the system be- 
fore quantum erasing [|23j. We note at this point, that 
the quantity C was also called the coherence in Ref. [^3| . 
Although a possible relation of this quantity to an entan- 
glement measure was mentioned, it was not associated 
with the concurrence introduced by Wootters pgfl . Here, 
we close this gap by stating that the "coherence" is in- 
deed a measure of entanglement which is explicitly given 
by the concurrence of the initial system. We also men- 
tion that the concurrence is directly connected with the 
two-particle visibility introduced by Jaeger et al. (ll| (see 
also ) which gives the concurrence an evident physical 
meaning. 

Englert and Bergou demonstrated the following era- 
sure relation |2l|, on the basis of the inequalities (2.S) 



and (2.11), 



C l < 1. 



(2.12) 



4 



Thus, the maximum possible visibility of the recovered 
interference fringes, V^Sx^ , can never reach unity if the 
predictability, T 3 , is not equal to zero, 



(2.13) 



In other words, a conventional quantum eraser can never 
erase the a pri ori predictability V. When we consult 



Eqs. (|2.3|) and (|2.9|) it is easy to see that the considered 
i nterf erome tric s cheme satisfies the general inequalities, 
( 2.12 ) and ( 2.13 ). Moreover, since the state under con- 
sideration is a pure state, the inequalities transform into 
equalities [f^if . 

We have just showed that a conventional quantum 
eraser can not erase the a priori knowledge or predictabil- 
ity, V . Does this mean that it is impossible to erase pre- 
dictability? We anticipate the answer by claiming that it 
is indeed possible to erase predictability. However, this 
can only be achieved with a certain success probability 
which is subject to some constraints. We, therefore, call 
such an eraser a conditional quantum eraser. In the fol- 
lowing, our task will be to find a device which erases the 
a priori knowledge. A naive approach starts, again, by 
considering the right part of the interferometric device in 
Fig. ||. We assume just a single cr-polarized photon which 
arises from the sources A and B and do not consider a 
biphoton at first. This approach will also help us to un- 
derstand the crucial quantum features of the conditional 
quantum eraser. Suppose we utilize a second optical fil- 
ter with the same transmittance, t, as the upper optical 
filter in the lower optical path of the right part of the 
interferometric devic e in Fig. ^. Accordingly, the initial 
state of the photon, (2.2), is transferred to 



1 



'tM 



(2.14) 



Thus, we recover perfect visibility of the interference 
fringes and apparently erase the a priori knowledge. 
However, at the same time we change the a priori con- 
ditions of the interferometric setup. The second optical 
filter alters the interference device to an ideal two-way in- 
terferometer with no a priori knowledge about the path 
the photon takes. We have gained perfect fringe visibility 
by changing the interferometric device for the interfering 
d-photon. In other words, we alter the a priori condition 
of the right part of the interferometer which defines the 
initial interferometric properties of the cr-photon. This, 
however, does not constitute the basis what we want to 
consider as an erasing of the a priori knowledge. In par- 
ticular, we do not want to change the right part of the 
interferometric setup which alters the a priori conditions 
of the interfering cr-photon and consequently changes the 
a priori knowledge about the path the photon takes. 

The concept to erase predictability without directly 
or locally affecting the interfering photon, in the sense 
of changing the a priori conditions of the right interfer- 
ometer in Fig. ^, is realized by the quantum property 
entanglement. Thus, we have to consider a biphoton as, 



e.g. that of Eq. (2.1), for the arguments which follow. As 
already mentioned, entanglement between the photons is 
essential in order to meet the requirements for the condi- 
tional quantum eraser. Again, a naive approach starts 
with changing the a priori properties of the complete 
four-port interferometer in Fig. |2j. That is, we insert an 
optical filter in the lower left arm of the interferometer 
with the same transmittance t as the one in the upper 
right arm. Although classically this will not have any ef- 
fect on the interfering cr-photon, quantum mechanically, 
due to the entanglement in the biphoton state (pTl|), the 
biphoton is transformed into the following state 



A,B 



Vi\w) 



-j= (yi\ir) A ® W)a 

. (2 - 15) 

Consequently, we recover full interference fringes in a co- 
incidence measurement of the two photons, i.e. under the 
quantum eraser conditions. However, the initial proper- 
ties of the four-port interferometer have changed albeit 
under an intriguing, nonlocal and certainly nonclassical 
manner. The predictab ility of the path of the biphoton 
has become zero in Eq. ( 2.15| ) due to an optical interven- 
tion. 

This is still not completely the situation which we want 
to consider as a conditional quantum eraser. We try to 
realize the conditional quantum eraser without changing 
the initial optical properties of the four-port interferom- 
eter. This can be achieved with the help of a nonlocal, 
partial and interaction-free which-way measurement of 
the path the photon takes 24 . As in the previous dis- 



cussion, we assume a black box, representing the mea- 
surement device, instead of the optical filter in the lower 
left arm of the four-port interferometer. The measure- 
ment device will not locally interact with the interfering 
photon but only affects the "erasing photon". Thus, in 
the same manner as above, the entanglement between 
the interfering and the erasing photon plays an essen- 
tial role in the manipulation of the optical properties of 
the interfering photon by the erasing photon. We will, 
at this point, not discuss details about the black box or 
measurement device but only argue about its general fea- 
tures. We assume a measurement device that can partly 
determine the path of the erasing photon (7r-photon) in 
the four-port interferometer. In addition, the measure- 
ment apparatus can report a positive or a negative result. 
That is, the measurement apparatus can unambiguously 
tell if it succeeded in partially distinguishing between the 
paths the 7r-photon took (positive result) or not (negative 
result). Further, the probability of failure is adjustable to 
the value predetermined by the predictability of the path 
of the interfering cr-photon, 1 — t/(l + t). If we denote 
the states of the measurement device with |0)m, related 
with a positive result or success, and |1)m, connected 
with a negative result or failure, the state of the bipho- 
ton including the states of the measurement apparatus 
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unitarily transforms into 

l*> - \j-^- t [(Vt\a) A ®\n)A 

+Vt\cr) B ® |7T)s) <8> |0) M 

+ ® K) B ) ® |1>m 



(2.16) 



This constitutes the initial state of the conditional quan- 
tum eraser. Suppose the measurement apparatus gives 
a positive result. Under this condition the state of the 
biphoton is transformed in such a way that we recover 
perfect fringe visibility for the cr-photon under quantum 
erasing conditions, i.e. in a coincidence measurement of 
the biphoton. The partial, interaction-free which-way 
measurement of the 7r-photon manipulates the entangled 
cr-photon in such a manner that full interference fringes 
are recovered in a quantum eraser scheme. 

The partial interaction-free measurement becomes ev- 
ident if we consider the effect of the measurement on the 
7r-photon itself. Clearly, the initial state of the 7r-photon, 
K)a + W)b is transformed into \tt)a + V^K) b under the 
influence of the partial, interaction-free measurement. If, 
on the other hand, the measurement apparatus responds 
(negative result) we will discard the biphoton. In other 
words, we have erased the predictability or the a priori 
knowledge of the path the cr-photon takes with the help 
of an interaction-free, partial which-way measurement of 
the 7r-photon. However, this can only be achieved under 
the condition that the measurement apparatus does not 
react. The probability that this takes place is connected 
with the initial predictability of the cr-photon path. In 
particular the failure probability of our conditional quan- 
tum eraser is directly given by the predictability, V . The 
realization of the measurement apparatus or the black 
box will be the subject of the next section. We will also 
make clear why we can talk about an interaction-free 
measurement. 



III. CONDITIONAL QUANTUM ERASURE IN 
A TWO-ATOM INTERFEROMETER 



We start with the consideration of the two-atom, four- 
port interferometer in Fig. ^| Suppose the initial atomic 
state is given as 



|*)atom = |1>A<8> |l)i 



(3.1) 



Applying a 7r-polarized laser pulse with weak enough in- 
tensity that only one atom at any given time will be 
excited, the atoms transform into 



I*) 



|1)a®|3)b + |3)a 



ID 



(3.2) 



Let us assume that the detector on the right in our four- 
port interference scheme is only sensitive to cr-polarized 
photons, i.e. we ignore 7r-polarized photons. In this case 



the system evolves into the following state 

I*) atom -> |*)«rtom ® |*)ph, 

= \\) A <g) \2) B ® \o) B + \2) A ® |l)s ® \o)a, 

(3.3) 

after decay of the atoms. Next, we apply a second, <r + 
circularly polarized laser pulse, again weak enough that 
only one atom at a time will be excited. This transforms 
the atomic state into |*) a tom = IDa® |3)b + \3)a <£> \1)b- 
Now, we assume the detector in the left part of our four- 
port interferometer only to be sensitive to 7r-polarized 
photons. That is, we ignore cr-polarized photons in the 
second transition. Under this condition, after the decay 
of the atoms, the system will evolve into the following 
state 



I*) 



I* 1 



P h 



\1)a® |1)b ® \o)b ® |tt)b 
+|1)a® IDs® \o)a® W)a- 



(3.4) 

We ignored the time-dependence of the photon arrivals 
as well as the time-dependence of the application of the 
laser pulses throughout the above derivation for simplic- 
ity reasons. Further, the time-dependence of the photon 
arrivals is not important for the considerations which fol- 
low. We notice, that the two-atom interferometer can 
generate an entangled state between the pho tons identi- 
cal to the entangled photon state in E q. (|2.l| ) . From now 
on, we neglect the atomic subspace in ( |3.4[ ) which will not 
change after generation of the biphoton state and reaches 
the initially assumed atomic state after each generation 
of biphotons, ready for another generation cycle. 

Let us first neglect the measurement device in the lower 
left arm of the four-port interferometer in Fig. |2|. The 
optical filter in the upper right arm of the interferome- 
ter generates a priori knowledge of the cr-polarized pho- 
ton in dependence of its transmittance t. In particu- 
lar, the cr-photon state by itself will be transformed into 
\o) A + W)b -> (Vt\a) A + |cr)s)/V(l + t) which clearly 
shows that the partial predictability of the path the pho- 
ton takes is given by V = 1 — t/(l + t). Translating 



this to the biphoton state (3.4) and ignoring the atomic 
subspace we arrive at the expression, 



o)b 



F B 



Vt\a) A <s> k) A 



(3.5) 



In other words, in a coincidence measurement of the 
biphoton with the detector of the 7r-photon equidistantly 
placed from the two atoms we realize the conventional 
quantum eraser condition The ability to recover in- 
terference fringes is limited by the a priori knowledge 
about the path the cr-photon takes. 

In order to implement the conditional quantum eraser 
we have to insert the measurement device. In particular, 
we want to realize a partial, interaction-free which-way 
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measurement of the 7r-photon. A possible device capa- 
ble in doing this is already implied in the lower left arm 
of the four-port interferometer, in Fig. |2[ It consists of 
a beamsplitter which splits the path of the |7r)s-photon 
into two alternatives. We place a detector, which oper- 
ates with 100% efficiency, in one of the two alternatives. 
Suppose the ratio between transmission and reflection 
of the beamsplitter can be adjusted to a preset value. In 
particular, we can set the transmittance of the beamsplit- 
ter, ies, equal to the transmittance of the optical filter, 
*bs = tj in the upper right arm of the interferometer. 

Let us consider how this affects the 7r-photon, i.e. we 
ignore for a moment the tr-photon and consider the tt- 
photon alone. Due to the unitary transformation of the 
beamsplitter, the 7r-photon transforms into the following 
state 



1 

71 



® |0) M 



(k> A + VWk>£ 

+Vl-<Bsk)s 2) ® |!)m 



(3.6) 



Here we took into account the detector states |0)m, indi- 
cating success, and |1)m for failure (the detector clicks), 
as well as the two alternatives k)^ and of the 

|7r)s-photon amplitude. The alternative , of course, 
is the original mode or the orig inal "path" the 7r-photon 
takes. It is evident from Eq. (3.6) that the beamsplit- 
ter together with the detector performs a partial and 
interaction-free which-way measurement of the path the 
7r-photon takes in the interferometer. In particular, when 
no interaction with the detector takes place, i.e. the de- 
tector is in the |0)m state which is the outcome corre- 
sponding to success, we gain partial information about 
the 7r-photon path. The obtained knowledge is given by 
K, = (1 — iBs)/(l + Ibs)- On the other hand, the partial 
measurement fails if the detector reacts, i.e. a photon is 
detected, indicated by the detector state |1)m- In other 
words, a partial, interaction-free measurement of the Tr- 
photon takes place under the condition that the detector 
does not click. Consequently, we are allowed to speak 
about a conditional, interaction-free and partial which- 
way measurement. 

Next, we consider the effect of the partial whi ch-way 
measurement on the biphoton given by Eq. ( ]3.5| ). The 
biphoton transfers into the following state as a conse- 
quence of the 7r-photon measurement 



P h 



sj j^r t (V*bs|o-)s <S> K)s + Vt\(r)A ® \t)a 
®|0) m 

-tBsW)B ® k)s 2) <8> |1)m , 



t 



W)a «> W)a) ® |0) M 



Vi - *bs|o-)b ® k 



(2) 



M 



(3.7) 



Here, we did not explicitly label alternative one of the 
7r-photon since it is the original path, introduced previ- 
ously. From Eq. (3/7) we see that it is possible to recover 
perfect fringe visibility of the cr-photon in a coincidence 
measurement with the 7r-photon detected at an equal dis- 
tance from the two atoms. Thus, the "no-click" event 
in the measurement device indicates a "click" event on 
the eraser detector. This fact is important in practice if 
inefficient detectors are involved. In case of ideal condi- 
tions, we detect all involved photons and the "no-click" 
event on the measurement device is equivalent with a 
"click" event on the eraser detector. However, this can 
only be achieved when, first, the transmittance of the 
beamsplitter is equal to the transmittance of the optical 
filter, £bs = t, and, second, under the condition that the 
photon detector of the measurement apparatus does not 
respond, i.e. the measurement device works interaction 
free and resides in the state |0)m- In other words we 
have implemented the conditional quantum eraser with 
the help of the partial, interaction-free measurement de- 
vice. We have erased the predictability of the path the 
cr-photon takes. We further verify, that the failure prob- 
ability of the partial measurement device is determined 
by the a priori predictability V = 1 — t/(l + 1) of the 
path the cr-photon takes in case of optimal erasing condi- 
tions, i.e. when £bs = t. Moreover, the product of success 
probability and two-particle visibility or concurrence of 
the obtained quantum state, (3.7), is limited by the de- 
gree of concurrence or two-particle visibility of the initial 
state, (2.10) (see also discussion following Eq. (2.10)), 



t + tBS 2VttBS 2y / tt B S 



1 + t 



<C 



1 + t 



Vi, (3.8) 



|) the two-particle visibility 
and the prob- 



l + t t + tBs 
since < *bs < 1- In Eq. (|3 
or concurrence is given by C CO nd = t _. , 
ability of success is given by S = |t| s . We mention, 
that the two-particle visibility of the obtained quantum 
state, (3.7), is identical to the "single-particle visibility" 
in the conditional quantum eraser, = C con d of the 

cr-photon in case of quantum erasing condition, i.e. in 
a coincidence measurement of the biphoton with a Tr- 
photon detector equidistantly placed from the two atoms 
A and B. We mention also, that the conditional quantum 
eraser visibility, , strongly depends on the transmit- 

tance tss- When the conditional quantum eraser does 
not work optimally, i.e. tss t, the conditional quan- 
tum eraser visibility will be smaller than one, 



V. 



(QE) 
cond 



V«BS 
t + t B S 



< 1, 



(3.9) 



and when the conditional quantum eraser works opti- 
mally, i.e. for ^bs — t, the conditional quantum eraser 
visibility reaches one, 



V, 



(QE) 
cond 



gVggs 

t + tBS 



1. 



(3.10) 
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Equations (3.9) and 3.10), again, clearly indicate that 
the conditional quantum eraser visibility may exceed 
the quantum eraser visibility of a conventional quantum 
eraser. In particular, the conditional quantum eraser vis- 
ibility can explicitly top the concurrence or two-particle 
visibility of the initial system which is impo ssible with a 
conventional quantum eraser [see Eq. ( 2.11)1. 

The complementarity relation (2.12) represents the 
main feature of the conditional quantum eraser. It con- 
tains all the important facets of the physical peculiarities. 
First, we get a direct relation between entanglement and 
complementarity. In particular, the concurrence is a well 
known entanglement measure p8| and it is, in the case of 
the four-port two- atom interferometer, given by the mea- 
surable quantity of two-particle visibility |l8| . A similar 
expression for real particles has also been found in |30|| , 
but only with the equal sign. In addition, the expression 
there contains distinguishability and not predictability, 
which arises because of the entanglement of the biparti- 
cle to an additional subsystem. In Eq. ( |2.12 ) the con- 
currence is related to a single particle property of one of 
the two biphotons, i.e. to the system itself in the form 
of predictability. Here, we will, however, not discuss the 
general properties and the general validity of this comple- 
mentarity relation as an entanglement measure, but only 
some of its relevant characteristics with relation to the 
conditional quantum eraser. We will discuss a more gen- 
eral version of the complementarity relation with regard 
to entanglement measures and nonlocality or violations 
of Bell-type inequalities in another publication. 

We want to ver ify that the general complementarity re- 
lation, Eq. ( 2.12 ), is fulfilled in the conditional quantum 
eraser. Although we can erase the a priori predictabil- 
ity of the cr-photon path, this does not mean that we 
can violate the general complementarity relation (2.12). 
The conditional quantum eraser can violate the quan- 
tum eras er relation for conventional quantum erasers, 
Eq. J2.13D , but not the general complementarity relation. 
The conditional quantum eraser can change the initial 
conditions, V and C, of the biphoton in a certain subspace 
of the complete biphoton plus detector Hilbert space de- 
termined by the null result of the detector. The ability 
to achieve this rearrangement in a conditional quantum 
eraser goes beyond the abilities of the conventional quan- 
tum eraser. The predictability, 'P con d, and concurrence, 
Ccond, in the conditional quantum eraser, on condition 
that the detector is in the |0)m state, are given by 



1. 



(3.13) 



V, 



cond 



I* — *BS| 
t + t BS 



C c 



t + tus' 



(3.11) 
(3.12) 



Clearly, the two complementary quantities, ( |3.11 ) and 

( 3.12 ) , fulfill the general complementarity relation, 

(2.13) , for pure states 



Vl 



n2 

cond ^cond 



it - t BS ) 2 

(t + t BS )i ^ (t+t BS y 



However, when t — t B g we can fully erase the predictabil- 
ity and recover perfect fringe visibility clearly indicating 
the ability of the conditional quantum eraser to change 
the a priori conditions which limit the conventional quan- 
tum eraser. In the next section we consider effects of 
mixture on the conditional quantum eraser. We will ex- 
pose additional limitations of the conditional quantum 
eraser which will be related to the concurrence of the 
initial system. 

a Screen 



a Det. 



7T Det 




7T Det, 



FIG. 3: Compared to the set-up in Fig. |2| this interferome- 
ter contains an additional partial interaction free which-way 
measurement in the upper right arm. It consists of a beam- 
splitter with transmittance ti and a <r-detector. Under the 
condition that the detector does not click, we gain which-path 
knowledge about the cr-photon path. This gained knowledge 
can be similarly erased as in Fig. ^. The additional par- 
tial which-path measurement device consists of a beamsplitter 
with transmittance ti and a 7r-photon detector. 

First, we want to discuss a different conditional quan- 
tum eraser scheme, shown in Fig. ^. It combines two par- 
tial interaction-free measurements. The first one provides 
actual knowledge about the path the cr-photon takes, the 
second one erases the obtained which-path information. 
Here, we do not erase the a priori predictability about the 
path the cr-photon takes but the obtained knowledge from 
a conditional, interaction- free measurement. In a conven- 
tional quantum eraser, the actual which-path information 
sets a limit on the quantum eraser visibility. We can not 
erase the actual which-path knowledge, /C, obtained by 
the conditional, interaction-free measurement with the 
conventional quantum eraser and the maximum possible 
quantum eraser visibility, V^ x , i s given by 



(vS a E x ) 2 <i-/c 2 . 



(3.14) 



In a conditional quantum eraser, however, we can erase 
the actual which-path knowledge with the help of a sec- 
ond, interaction- free measurement on the 7r-photons. Let 
us consider the effect of the first device which performs a 
partial which-way measurement. Suppose the beamsplit- 
ter has a transmittance of t\. This affects the biphoton 
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according to 



A.B 



v/2 



[Wt^\<r)A\it)A + \o)b\*)b) ® |0)mi 



+VT^Ii'(|a)i 2) |7r>A)0|l)Mi], (3.15) 



where we take into account the detector states of the 
measurement device and denote the alternative way of 

(2) 

the CTA-photon with \cr) A . This photon, of course, will 
be absorbed when the detector clicks. When the detec- 
tor does not click, an interaction-free, partial which-way 
measurement of the cr-photon is accomplished. Depend- 
ing on the transmittance, ti, we gain some knowledge 
about the path the cr-photon takes, given by 



K = 



l-tx 
l + h 



(3.16) 



The probability, that the detector does not click, i.e. 
the partial which-way measurement succeeds, is given 
by (1 + ti)/2. The visibility in a conventional quantum 
eraser scheme, which consists of the correlated detection 
of the 7r- and cr-photons with a 7r-detector equidistantly 
positioned in between the two atoms under the condi- 
tion that the partial which-path measurement succeeds, 
is given by 



V QE = 



2Vh 

l + h 



(3.17) 



Clearly, the conventional quantum eraser can not erase 
the which-path knowledge obtained by the partial which- 
way measurement. The retrieved quantum eraser visibil- 
ity is limited by the obtained knowledge fr om th e partial 
which-way measurement and the relation (3.14) is satis- 
fied 



4ti 



(l + *i) 2 



l-JC 2 



l-h 
l + h 



(3.18) 



On the other hand, the conditional quantum eraser which 
additionally performs an interaction-free, partial which- 
way measurement on the 7r-photons can erase the ob- 
tained knowledge. This, however, can only be achieved 
with a certain success probability which is limited by the 
obtained which-path knowledge from the first measure- 
ment. Assuming a transmittance of h of the beamsplit- 
ter, the second, interaction-free partial which-way mea- 
surement on the 7r-photon transforms the state ( 3.1 5| ) 
into 



\V)a,b = -7= 



(y/h~\<r) a\k) a + Vh\<j) B \TT) B ) 



1 

®|0)mi ® \0)M2 

+ (VT^T 2 \(t)b\k)% ) ) ® |1)M2 

+ {Vl~~r i \a) ( l ) \^) A ^®\l) M i\ (3.19) 

The conditional quantum eraser can fully recover inter- 
ference fringes with visibility one if the transmittances 



of the beamsplitters are identical, h = t%. This, how- 
ever, only happens with a probability of (t\ + t 2 )/2 in 
which case none of the detectors clicks. Clearly, the suc- 
cess probability goes to zero if the knowledge about the 
path the cr-photon takes reaches one, i.e. the transmit- 
tance t\ — ► 0. Similarly to the previous scenario, the 
product of the success probability and the retrieved in- 
terference visibility is limited by the concurrence of the 
biphoton system after the first interaction-free which-way 
measurement, which is given by 



C = Vh. 



(3.20) 



The conditional quantum eraser can erase the partial 
which-way information and fully recover interference 
fringes as long as the biphoton system after the first 
which-path measurement contains some concurrence, i.e. 
y/ti > 0. It is the (additional) non-unitary evolution 
initiated by the partial which-way measurement which 
enables us to recover the full interference fringes in a con- 
ditional quantum eraser. This (additional) non-unitary 
evolution is the reason why the conditional quantum 
eraser outperforms the conventional or traditional quan- 
tum eraser. We note that the correlated measurement of 
the 7r- and cr-photons represents also a nonunitary evolu- 
tion which both the conventional and conditional quan- 
tum eraser have in common. It is this additional nonuni- 
tary evolution, induced by the partial which-way mea- 
surement in the conditional quantum eraser, that leads 
to performance enhancement. 

We stress that the interaction free measurement device 
consists of absolutely ideal elements. This is certainly not 
the case in praxis and limits the practical value of our 
model. In case of non-ideal detectors and beamsplitters 
there can be photon absorption in the beamsplitter and, 
consequently, the detectors will not fire. In addition, the 
detector efficiency in real experiment is relatively low and 
the overall efficiency of the conditional quantum eraser 
is strongly reduced. On the other side, the conditional 
quantum eraser is based on the detection of all involved 
photons in an intensity correlation experiment. There- 
fore, whenever photons are lost in case of absorption 
at the beamsplitters or inefficient detectors, these events 
will not contribute to the intensity correlation function. 
The no-click event in the measurement device is, ideally, 
a click event in the eraser detector. In other words, all 
involved photon are ideally detected, since detectors are 
placed in both alternatives of the beamsplitters. Con- 
sequently, inefficient detectors simply reduce the overall 
efficiency of the conditional quantum eraser. Absorption 
in the beamsplitters, however, changes the ideal partial 
which way information to an effective partial which way 
information which depends on the degree of absorption. 
This must be taken into account in realistic experiments 
and appropriate modifications are necessary. These mod- 
ifications are absorption devices in the other optical paths 
in order to balancing the losses. 
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IV. EFFECTS OF MIXTURE IN THE INITIAL 
SYSTEM 

In this section we address the problem if and how some 
mixture in the initial two-photon state affects the perfor- 
mance of the conditional quantum eraser. We study fur- 
ther its effects on the complementarity relation between 
entanglement or concurrence and predictability. In order 
to do this we consider the concurrence of a specifically 
prepared two-photon system and discuss its connection 
to the measurable two-particle visibility. Suppose we are 
given the following initial two-photon density operator 

Pinit = T— - t\7r A )(lT A \®\<J A )(<T A \ 
_L ~\~ L - 

+ \^b){^b \ ® \(Tb){ctb\ 
+MVi(\Tr A )(ir B \(g>\a A )(<j B \ 



A^ B) 



(4.1) 



where M is a "coherence factor" bounded between < 
C < 1 and can be considered as a measure of mixture in 



the initial two-photon state. Th e tw o-photon state (4.1) 
resembles the two-photon state ( |3.5| ) of the previous sec- 
tion except for the reduced coherence expresse d by the 
coherence factor M. Thus, the biphoton state (|4.l|) can 
be produced by the two-atom interferometer in Fig. |2| and 
the reduced coherence can be generated with the help of 
the entangled atom system. In particular, we assume a 
decoherence process on the atoms which become entan- 
gled to the g-ph oton during the generation of the photon 
system [see Eq. (|Q|)]. Such a decoherence process can be 
induced by, e.g. a measurement process which determines 
the population in the atomic ground-states, |1) and |2), 
of one of the two atoms ||. Therefore, we may treat the 
coherence factor M as the effect of a decoherence pro- 
cess on the atomic system during the generation of the 
biphoton in the interferometer, shown in Fig. ^| The two 
extremes, M — 1 and M — 0, correspond to a pure state 
and a fully incoherent mixed state, respectively. 

Let us first investigate the predictability, the two- 
particle visibility and its r elat ion to the concurrence of 
the given biphoton state, (11). These quantities play a 
crucial role in the conventional as well as in the condi- 
tional quantum eraser as already emphasized in the pre- 
vious section. We are further interested to what extent 
the degree of mixture influences the complementarity re- 
lation between concurrence and predictability. Interest- 
ingly, the degree of coherence, M, does not have any 
effect on the predictability, V . The predictability, V, is 
completely determined by the presetting of the interfer- 
ometer, i.e. the degree of transmittance t of the opti- 
cal filter in Fig. 3 (or the transmittance t\ of the beam- 
splitter in Fig. p when we employ a partial, interaction- 
free which-path measurement in order to gain knowledge 
about the photon path), 



V 



1 



1 + t 



l-t| 



1-t 
1 + t" 



(4.2) 



We turn our attention to the two-part icle visibility, 
Vi2(7r, a), in the initial biphoton system ( [4. l[ ) which is 
defined as (lSl 



Vi 2 (o-, 71") 



Here 



G { al (r, P) 



max - [G a7r (r, p)] mm 
max + [G a ^{r,p)] m ^ n 

(4.3) 

G^{r,p)-G^{r)G^\p) 
+|^(r)| 2 |C(A)| 2 , (4.4) 



and G$ = (I a {r)U{p)) and G$ - (/ CT (f)>, (U(p)) 
are second- and first-order intensity correlation functions. 
The factors |^I / -(r)| 2 and |^ / 7r (p)| 2 express the intensity 
factors of the dipole radiation, 



^(f,t)=0(t-l^i)#,(r>^(t 
where 



r A,B 



*i(r) 



4 7rr 3 6 



(e, x r ) x r 



(4.5) 
(4.6) 



Here, we have introduced the retarded times t— \r At B\/c 
for the radiation from atoms A and B, respectively. Fur- 
ther, ii forms one of the unit vectors x, y or z, depend- 
ing on the direction of the dipole moment in question, 
and <J A B l {t — \r A ,B\/c) are the ordinary atomic lower- 
ing operators for atom A and B c orre sponding to the 
polarization direction i. Equation (4.4) contains a cor- 

(2) 

rection to the intensity correlation G ff7r resulting from 
the fact that non-correlated or disentangled photon pairs 
may also contribute to the second-order correlation func- 
tion and this contribution must be subtracted. The ad- 
ditional correction, which is proportional to the product 



of constant overall intensities l^c 



\^ n (p)\ 2 , must be 



added back in, to compensate for excessive subtraction. 
The excessive subtraction is inherent in the expression 
G { al - G^GP for entangled biphotonsjij) . The addi- 
tional correction makes the function (|4.3| ) positive defi- 
nite or, to be more precise, the two-particle visibility lies 
within the interval [0, 1] as it should for a proper defini- 
tion of visibility. 

Taking into account the above definitions, we obtain 
the following result fo r th e two-particle visibility of the 
initial biphoton state (|4.l|), 



Vi 2 (<t,7t) =2M 



Vt 

1 + t' 



(4.7) 



The effect of the coherence factor M is obviously. In the 
case of a completely mixed initial state, M = 0, we can no 
longer observe any two-particle visibility even when there 
is no a priori predictability, V = 0, which corresponds to 
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t = 1. Let us investigate the relation of two-particle vis- 
ibility to the concurrence, C, in the initial system. In 
principle it is clear, that two-particle visibility must have 
a relation to entanglement. Two-particle visibility is an 
explicit manifestation of the phase relation between the 
photons in a biphoton system. The concurrence of a bi- 
partite, mixed density operator, p, is defined as p8| 



the two-particle visibility or concurrence limits the per- 
formance of the conditional quantum eraser. The com- 
plementarity relation (4.11) is displayed in Fig. || for a 
decoherence factor of M — 0.5. The influence of the de- 
coherence factor M on the upper bound of the comple- 
mentarity relation as well as on the concurrence is clearly 
recognizable. 



C(p) = max{0, Ai - A 2 - A 3 - A 4 }, 



(4.8) 



where the A^'s are the square roots of the eigenvalues of 
pp in descending order. Here p results from applying the 
spin- flip operation to p*, 



)p*(a y a y ), 



(4.9) 



where a y is the Pauli operator in the relevant standard 
basis and p* is the complex conjugation of p. The rele- 
vant basis states in the case of the biphoton, ( }4.1| ), are 
\tt) A = |0) and \tt)b = |1) for the 7r-photon system, and 
\(t)a = |0) and \cr) B = |1) for the a- photon system. With 
this definition we arrive at the following res ult for the 
concurrence of the initial biphoton state (4.1), 



C{p init ) = 2M 



Vt 

1 + t- 



(4.10) 



which is identical to the measurable two-particle visibility 
(4.7). We note that a similar relation between concur- 
rence and two-particle visibility was found in |29| . 

Let us finally discuss the impact of the mixture on 
the complementarity relation between predictability and 
concurrence or, equivalently, between predictability and 
two-particle visibility before we consider the conditional 
quantum eraser. We already indicated in the previous 
section that the equal sign in the complementarity rela- 
tion can hold only if the biph oton is in a pure state. In 
the case of a mixed state, (4.1), the following complemen- 
tarity relation between concurrence and predictability is 
found 



C 2 (pinit)+^ 2 (pinit) 



(I-*) 2 
(1+i) 2 

(1+t)* 



4ikP 



M 



t 



+ 

(I-*) 2 

(i + ty 



i - 



= V 2 ( Pinit ) + M 2 [l_7> 2 (Anit)] . 

(4.11) 

Thus, the concurrence or equivalently the two-particle 
visibility is bounded by the coherence factor M 



C(pinit) < M. 



The concurrence can not reach the optimal value of one 
even when the predictability in the initial biphoton sys- 
tem is equal to zero (when t = 1) if the degree of co- 
herence or, equivalently, the degree of purity is smaller 
than one M < 1. We will see that this upper bound on 
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FIG. 4: Complementarity relation between concurrence or 
two-particle visibility and predictability for a mixed initial 
biphoton state vs. the transmittance t of the optical fil- 
ter. The coherence factor M is given by M = 1/2 and 
A = C 2 ( Pinit ), B = P 2 ( Pinit ) and C = C 2 (p init ) + P 2 {p ini t). 



We implement the measurement device in the lower left 
arm of the interferometer in Fig. ^, in order to realize the 
conditional quantum eraser. As in the previous section, 
the biphoton state, which becomes coupled to the state 
of the measurement device, transforms into 



Pph <8> Pm = 
tBS 



t + t BS 
1 + t 



t 



7Ta)(7Ta| 



t + t BS 



t + t BS 

\kb)(kb\ <8) \<jb)(ct b 



(\tta)(ttb\ ® Wa){vb\ +A «-> B) 



t + tBS 

®|0m)<0m| 

' ~ ' LiS Vb^bI ® Wb)Wb\ ) ® |1m)(1m| 



1 + t 



(4.13) 



Here, again, t B s is the transmittance of the beamsplitter 

(2) 



(4.12) °f the measurement device and n B signifies the alter- 
native path of the |7TB)-photon due to the beamsplitter. 
The conditional quantum erasing succeeds if the photon 
detector of the measurement device does not click. In this 
case we realize an interaction- free partial which- way mea- 
surement of the 7r-photon path. It is also clear that the 



-photon is absorbed if the measurement fails, i.e. the 
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detector clicks. In contrast to the conditional quantum 
eraser of the previous section, which started with a pure 
entangled biphoton, the visibility of the retrieved inter- 
ference fringes under quantum erasing conditions is now 
bounded by the coherence factor M. We stress again, 
that we understand the quantum eraser condition as a 
correlated measurement of the biphoton with an equidis- 
tantly placed photon detector in between the two atoms 
for the 7r-photon. Thus, the visibility we are talking 
about in the quantum eraser is a single-particle prop- 
erty of the cr-photon. The mixture in the initial state 
does not have an impact on the success or failure proba- 
bility of the conditional quantum erasing, see Eqs. (3.7) 
and (3.8). However, the maximum possible conditional 
quantum eraser visibility (realized if tBS = t) is bounded 
by the coherence factor 



v (qe ; = m 

cond 



2^/lt 



t + t B s 



— < y(Q E > max ) _ m 

— cond 



(4.14) 



Comparing this result with Eq. ( 4 . 1 2j ) we conclude that 
the concurrence and hence the two-particle visibility lim- 
its the retrieved conditional quantum eraser visibility. 
However, we emphasize that the retrieved conditional 
quantum eraser visibility exceeds the quantum eraser vis- 
ibility of the conventional quantum eraser V^Sx which 
is limited by 



(4.15) 



Thus, whenever the a priori knowledge about the path 
the cr-photon takes is unequal zero, the visibility of the 
retrieved interference fringes in the conditional quantum 
eraser tops that of the conventional quantum eraser. In 
other words the complementarity relation between con- 
currence and predictability which forms a physical state- 
ment of two-particle properties crucially affects single- 
particle features of one of the two particles. 

Interestingly, the product of the success probability and 
the visibility of the recovered interference fringes i n the 
conditional quantum eraser is bounded by Eq. (glf) 
as the visibility by itself is in the conventional quan- 
tum eraser. This clearly demonstrates how the condi- 
tional quantum eraser operates. The conditional quan- 
tum eraser works successfully if and only if the detector 
of the partial which-way measurement device does not 
click. In other words, a non-unitary projection onto a 
certain subspace takes place. We mention finally, that 
the above consideration can easily be transferred to the 
interference device in Fig. [| similar as in the previous 
section. The only difference is the which-path knowledge 
gained from the additional measurement device for the 
cr-photon instead of the a priori which-path knowledge. 



V. CONCLUSIONS 

The usual quantum eraser problem considers the era- 
sure of possible but not actual which-way information. 



Here, we have considered a different task. We study 
a conditional quantum eraser to erase a priori or ac- 
tual which-path information. The conditional quantum 
eraser employs a partial, interaction-free measurement 
on the erasing photon which crucially influences on the 
interfering photon if the two photons form an entan- 
gled state. The conditional quantum eraser erases the 
a priori knowledge of the interfering photon completely. 
However, this can only be achieved with a certain suc- 
cess probability which explains the conditional operation. 
Thus, the conditional quantum eraser constitutes a non- 
unitary transformation on the biphoton. The visibility of 
the retrieved interference fringes exceeds that of a con- 
ventional quantum eraser which is bounded according to 
a complementarity relation between concurrence or two- 
particle visibility and predictability. In particular, the 
visibility of the recovered interference fringes in a conven- 
tional quantum eraser can not exceed a certain limit set 
by the a priori knowledge about the path the interference 
photon takes. In other words, a conventional quantum 
eraser can not erase predictability or actual which-path 
information. On the other hand, the complementarity 
relation between the concurrence and predictability lim- 
its the performance of the conditional quantum eraser, 
as well. Especially in cases when the initial biphoton 
system contains some degree of mixture, the visibility 
of the retrieved interference fringes can not exceed the 
upper bound of the inequality set by the complemen- 
tarity relation. This generates an interesting scenario 
where two-particle properties crucially influence single- 
particle properties. The complementarity relation be- 
tween concurrence and predictability opens an interest- 
ing area of investigations which focuses on connections 
between complementarity and nonlocality. In this con- 
text we note that a similar complementarity relation was 
found in p0|| . However, the relation between concurrence 
and the observable two-particle visibility as well as the in- 
fluences of mixture in the biparticle was not investigated 
there. 

In conclusion, we have studied the conditional quan- 
tum eraser in a two-atom, four-port interferometer. The 
two atoms substitute a Young-type double-slit an gen- 
erate an entangled photon pair. The two photons are 
orthogonally polarized and thus distinguishable. One of 
the photons is detected at an interference screen (the in- 
terference photon) while the other one is detected at an 
equidistant position from the two atoms (the erasing pho- 
ton). This establishes the conventional quantum eraser 
scenario. The conditional quantum eraser additionally 
performs a partial and interaction-free which-path mea- 
surement on the erasing photon. The interaction-free, 
partial which-path measurement can be simulated with a 
beamsplitter and an additional detector. The detector in- 
dicates whether the conditional quantum eraser has suc- 
ceeded or failed. In particular, a detector click results in a 
failure of the conditional quantum eraser. The entangled 
atom-photon system, during the generation of the bipho- 
ton, enables us to study effects of mixedness in the bipho- 
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ton state on the performance of the conditional quantum 
eraser. In addition, effects on the complementarity re- 
lation between two-particle visibility and predictability 
can be explored. A measurement process on the atoms 
which introduces decoherence effects H may be employed 
in order to generate a certain amount of mixture in the 
biphoton system. Finally, we note that the Young-type 
interference experiment was realized by Eichmann et al. 
p6[ and the implementation of a conditional quantum 
eraser should be experimentally feasible. 
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